In this paper we give a complete description of diameter-preserving linear bijections on the space of affine continuous functions on a compact convex set whose extreme points are split faces. We also give a description of such maps on function algebras considered on their maximal ideal space. We formulate and prove similar results for spaces of vector-valued functions.
Introduction
Let X be a compact Hausdorff space and let C(X) denote the space of complexvalued continuous functions equipped with the supremum norm. Let A C C(X) be a closed subspace containing constants and separating points of X. A linear bijection <t > of A is said to be diameter-preserving if diam(<t>(f)(X)) = diam(/ (X)) for every f e A. When A = C(X) and X a first countable space, Gyory and Molnar [GM] have given a complete description of diameter-preserving linear bijections in terms of homeomorphisms of X and linear functional on C(X). Their result has been extended to the case of a general compact Hausdorff space by Gonzalez and Uspenskij [GU] and independently by Cabello Sanchez [C] .
Motivated by this, in this paper we study diameter-preserving linear bijections between function spaces and spaces of vector-valued continuous functions. Our approach follows closely that of Gonzalez and Uspenskij [GU] . For a function space A that separates points of X and contains constants, let S A denote the state space of A, that is, S A = {A € A* : A(l) = 1 = ||A||}. We first consider the situation when A is a self adjoint subspace of C(X) (that is, / e A =• / e A). In this case it is well known and easy to see that A is isometric to A(S A ), the space of affine continuous functions (S A , as usual, has the weak* topology of A*). Thus in the first part of the paper, for a compact convex set K, we consider the space A(K) and diameter preserving linear bijections on A(K). Let d e K denote the set of extreme points of K. We give a complete description of diameter-preserving linear bijections, under the hypothesis that every point of d e K is a split face (see [AE] for the notion of the split face and for other concepts from convexity theory that we will be using in this paper). We note that this hypothesis is satisfied when A' is a Choquet simplex (which is the case when K = S A and A = C(X)) and also when A is a subalgebra (see [AE, Chapter 3 and Theorem 4.4 on page 168]). Thus our results extend those of Gyory and Molnar, Gonzalez and Uspenskij.
We now give a more detailed description of our results. As in the case of Gyory and Molnar, our work is in part motivated by the Banach-Stone type theorems in the literature that describe isometries of function spaces. See [L, Rl, B] and the survey article [FJ] .
For a compact convex set K and an affine homeomorphism 4> of K, for any t e T (unit circle) and for any A e A (K)' (space of linear functional) such that A(l) ^ -t, it is easy to see that a -*• t a o (f> + A(a)l is a diameter-preserving linear bijection of A (K). In the first part of this paper, under the additional hypothesis that every extreme point of K is a split face, we show that any diameter-preserving linear bijection is of the above form. We give an example to show that the additional hypothesis we are assuming is not a necessary condition.
We next show that if A is a function algebra with maximal ideal space X, then again a description similar to the one given above is available for the diameter-preserving linear bijections. We also note that for a metric space X that is topologically complete, the diameter-preserving linear bijections of C b (X), the space of bounded continuous functions on X, can also be described via homeomorphisms of X.
For a Banach space E, let C(X, E) denote the space of £-valued continuous functions an X, equipped with the supremum norm. Analogous to the scalar valued case let 4> be a homeomorphism of X, let 5 be an onto isometry of E and T : C(X, E) -» E be a linear map such that S + T/\ <g> E is a bijection. One can show that <!>(/ ){x) = S(f (0(JC))) + T(f) is a diameter-preserving linear bijection of the space C(X, E). We recall that a linear projection P on E is said to be an L-projection, if \\P(e)\\ + \\(e-P{e))\\ -\\e\\ for all e e E. The range of an L-projection is called an L-summand. In the concluding part of the paper we show that if for all / e d e E*, line {/} is an L-summand, then any diameter-preserving linear bijection of C(X, E) is of the above form. We also consider the space of functions taking values in a dual space equipped with the weak* topology as well as spaces of vector-valued affine continuous functions.
Function spaces
Let^i and K 2 be two compact convex sets. A linear bijection <t > :
Note that since a and <I>(a) are affine continuous, this is equivalent to
x,y£3,Ki x,y£d,K 2
Thus in order to obtain a description of <t > analogous to the description in the case of space of continuous functions, it is natural to impose additional condition involving extreme points.
In what follows we consider a compact convex set K as canonically embedded in A(K)* via evaluation mapping. We note that A(K)* = {A e A(K)* : \\A\\ < 1} = co(rd e K) and d e A(K)\ = rd e K. (Here T denotes the unit circle, co denotes the convex hull and the closure is taken with respect to the weak*-topology.)
Following the notation of [GU] we denote by T = {<*(* -y) :x,y € d e K and a € T). PROOF. We first show that for x ^ y in d e K, x -y e d e co (T) . As in the proof of Lemma in [GU] , it is enough to show that x -y is an extreme point of the 2-ball (A € A(K)* : ||A|| < 2, A(l) = 0}. Since x and y are disjoint split faces, it follows from [AE, Theorem 4.4, page 168 ] that for any complex numbers a and f$, j| orjc H->3^| | = |a| + |)8|. Thus by arguments identical to the ones given in [GU] we conclude that x -ye d e co (T) .
Conversely by an application of Milman's theorem [D, Chapter IX, Corollary 4 ] w e h a v e , d e co (T) c [a(x -y ) (x -z) or e"(x -y') and so on will give a contradiction, as the calculations that follow will show.
In the second case, we have the possibilities: u -x or u = y, v = x or v = y. Considering « = j;,we have
Thus a = p and p 2 = a(x -v). The other cases are similarly dealt with to yield that a -f3 and p 2 -a(x -v) or p 2 = a(u -y). The rest of the proof follows [GU] to yield the desired conclusion.
• Now we are ready to give a complete description of diameter-preserving linear bijections between A(K) spaces. Let line {1} denote the constant functions in A(K). PROOF. Let E and F denote respectively, the quotient spaces A(Ki)/line{l} and A(AT 2 )/line{l}. Let < E > be the natural extension of <J> to the quotient spaces. As in the proof of [GU, Theorem 5 .1], it is easy to see that <1> is a well defined, linear, bi-continuous, bijection. As <J> is a diameter-preserving map, in terms of our earlier notation, since (<t>)* is an affine homeomorphism such that (<J>)*(co(r 2 )) = co(Tl), weget(*)*(7i) = r,.
Fix JC 0 e d e K 2 and define g(
, then A -A c 7J. It therefore follows from Lemma 2 that there is a unique y 0 e d e Ki and a 0 € F such that A c {a o (y -y 0 ) •' y e U i ) .
We now claim that A = {a o (;y -y 0 ) : y e dK\). Let y e 3,/M, since a o (y -y 0 ) € 7", = (*)*(r 2 ), there exists x u x 2 e d e K 2 and £ e T such that
for some y , _y" 6 3 e ATi. Therefore, by arguments similar to the ones given during the proof of Lemma 2, we get that fi = 1, y' = y, y" = y 0 or p = -1, y' = y 0 , y" = y. Clearly in either case a o (y -y 0 ) e g(deK 2 ) = A.
, by <p{x) = «o^(^) + Jo-Since (<t>)* is a linear bijection and weak* homeomorphism, it is easy to see that <j> can be extended to an onto affine homeomorphism, still denoted by <j>, between K 2 and #\ such that <p(x) = a o (<i>y(x -x 0 ) + y 0 for* e K 2 . Therefore, as in the proof of [GU, Theorem 5 .1] we conclude that there exists a A € A{Ki)' such that <t)(a) = a 0 a o H A ( f l ) for all a e A(K X ).
• REMARK 1. It would be interesting to know if the above result can be proved by assuming the split face hypothesis only on K\.
We next consider the description of diameter-preserving linear bijection for the case of function algebras. Here we could prove the result in full generality under the additional hypothesis that X is the maximal ideal space of A. We also discuss some special cases where one can dispense away with this assumption.
As noted in the Introduction, if S A denotes the state space of a function algebra A, then every extreme point of S A is a split face or in the terminology of function algebras, every extreme point is a generalized peak point (see [AE, Corollary 4.3 In the following proposition we overcome this difficulty by assuming that X is the maximal ideal space of A (thus identity is the Gelfand embedding). PROOF. In view of the above discussion, we only need to show that the homeomorphism 0 from the Shilov boundary can be extended to a homeomorphism 0 of X. For x e X, let us consider the complex functional 0(JC) defined on A by
4>(x)(a) = f (x),
where / e A is such that / = a o 0 on the Shilov boundary. Clearly, 0(JC) is a homomorphism and hence defines an element of X. It is easy to see that x -• (<p)(x) is continuous (as the weak topology defined by A agrees with that of X), one-to-one, onto and is an extension of 0. Thus 4> has the required form. D
Some examples
By way of illustrating the general results proved thus far, we describe the diameterpreserving linear bijections in some concrete function spaces and algebras. We also give an example to show that it is not a necessary condition for the validity of Theorem 1 that extreme points are split faces.
(1) The disc algebra A (D) . Let C b (X) denote the space of bounded continuous functions on a completely regular space X, equipped with the supremum norm. One knows that this space can be realized isometrically as C(/3(X)), where P(X) is the Stone-Cech compactification of X. The notion of a diameter-preserving linear bijection on C b (X) can be defined in the usual way, and it is obvious that it is given essentially by a homeomorphism h of P(X) onto itself. But since we would like the answer to be in terms of X, we have to decide when h takes X onto X.
Assume now that X is a metric space that is topologically complete. Then any point of X is a G s set in fi(X). According to [GJ, Corollary 9.2, page 132] , no point of y3(X) \ X can be a G s -Thus a homeomorphism of fi(X) will carry X onto itself. Also when X is a G s subset of f$(X) \ X such that every point of X is the limit of a sequence of distinct points, then by applying [W, Proposition 2.12, page 53], we again have that h maps X onto itself.
(Thanks are due to our colleague Dr A. B. Raha, for some helpful conversations on this topic.)
We conclude this section by giving an example to show that it is not a necessary condition for the validity of Theorem 1 that every extreme point is a split face. We consider the real scalar field. Let 5 be the square in the plane with vertices at the points, JCI = (1, l),x 2 = (-1, 1), x 3 = (-1, -1) and x 4 -(1, -1). Clearly none of the extreme points are split faces and also x t -Xj is not an extreme point of the two ball in A (5)* for 1 < i,j < 4. We now show that every diameter-preserving linear bijection of A (S) is induced by an affine homeomorphism of 5.
Let us first observe that it is enough to prove this only for diameter-preserving It is easy to verify that these conditions are compatible only if | a n | = 1^221 = 1 and a n -a 2l = 0 or |a ]2 | = \a 2l \ = 1 and an = a 22 = 0. Such D's are induced by homeomorphisms (that is, permutations) of d e S which can be extended to affine homeomorphisms of 5 onto itself.
Finally, it should be noted that not all permutations a of d e S can be extended to affine homeomorphisms of 5, the required condition for such an extension being
Vector-valued case
We now turn our attention to spaces of vector-valued functions. We first consider the space C(X, E). The notion of a diameter-preserving map is clearly well defined in this situation. In the following theorem we consider a compact Hausdorff space X and functions taking values in two different Banach spaces E and F and describe diameter-preserving linear bijections. Similar arguments hold when one considers different compact spaces in the domain. From now on we only consider vector spaces over the real scalar field.
Suppose <j> is a homeomorphism of X, S : E -• F a linear onto isometry and T : C(X, E) -> F a linear operator. Define <t > : C(X, E) and* e X. Clearly, 4> is a diameter-preserving linear map.
In the vector-valued case one needs to assume some additional hypothesis (which is compatible with the scalar case) to ensure that <t> is a bijection. The following simple example illustrates this. EXAMPLE 2. Let K 2 denote the Euclidean plane. Consider Z = I 2 x R 2 equipped with the maximum norm (equivalently functions on a two point set with values in K 2 ). Let 5 = / be the identity map on K 2 and let T : Z -> K 2 be defined by
T(x, y) = -x. Define 4> : Z -> Z by <&(x, y) = (x,y) + (-x, -x).
Clearly 0 is a diameter-preserving linear map. But <$>(x, x) = 0, so <J> fails to be one-to-one.
To remedy the above situation we now assume that T is such that 7/(1 ® E) + S is a bijection of E onto F (for e e E, 1 ® e denotes the constant function e on X). In the scalar case any A e A(K)' such that A(l) ^ -t clearly satisfies this condition. Thus this is compatible with the assumption made by [GM] . This condition is trivially satisfied if 7 is such that 7/(1 <g» E) = 0.
Suppose O ( / ) = 0. Since 5 is an isometry and (f> is a bijection, we get that / takes the constant value -S~}(T(f)).
Hence since 5 + 7 and 5 are one-to-one, f = T(f) = 0. Also for any g e C(X, F), let / = 5 " ' o g o f . Let e 0 e E be such that 7(1 <g> e 0 ) + S(e 0 ) = T(f). Now let h = f -(1 ® e 0 ). It is easy to see that $>(h) = g. Hence <I > is onto.
In order to obtain a complete description of diameter-preserving bijections, we need to impose an additional hypothesis on E and F that is analogous to the 'split face' condition imposed in the previous section.
THEOREM 2. Let E and F be Banach spaces such that the one-dimensional span of any extreme point of the dual unitball is an L-summand. Let® : C(X, E) -*• C(X, F) be a diameter preserving linear bijection. There exist an onto homeomorphism <\> of X, an onto isometry S : E -*• F and a linear operator 7 : C(X, E) -*• F, such that 7/(1 (g) E) + S is a bijection and <Dtf )(•*) = S(f(d>(x))) + T(f) for f € C(X, E) and xeX.

PROOF. Let <J> : C{X, E) -*• C(X, F) be any diameter preserving linear bijection.
In what follows we will use the identification of C(X, E)* as M(X, E*), the space of E* valued countably additive regular Borel measures of finite variation equipped with the total variation norm. In this identification, it is well known that the extreme points of the unit ball of M(X, E*) can be identified with vector-valued Dirac measures S(x) <g> e* for x e X and e* e d e E* r (For any Borel set B, (S(x) ® e*) (B) = e* if x e B and = 0 if x & B, E* denotes the unit ball of E*.) Since our arguments will run parallel to those given in the case of scalar valued functions in [GU] we will only indicate briefly the corresponding steps. For x ^ y and e\ ^ ±e^ G d e E*> since the measures are disjointly supported, and since linefe,} is an L-summand, we have,
Therefore it is easy to see that for any x, y € X, x ^ y and e* e d e E*, (8(x) -&(y)) ® £* is an extreme point of the two-ball in the space of measures vanishing on 'constants'. Note that for any / e C(X, E)
Thus as before {/ e C(X, E) : diam(/ (X)) < 1}° = CO{(<5(JC) -S(y)) ® e* : x, y € X and e* e d e E\). We embed F and F into C(X, E) and C(X, F) respectively via the embeddings e -y 1 ® £ a n d / ->• I <2>f (e € E,f e F) and consider the corresponding quotient spaces. The polar considered above is in the dual of these spaces.
Preserving our notation from Theorem 1, it is now easy to see that there exists an onto homeomorphism 0 of X and a weak*-bi-continuous surjection s :
Using arguments similar to those given during the proof of Theorem 1, one can extend s to an affine symmetric weak*-homeomorphism from F* onto £.*, still denoted by 5. A routine exercise involving the Banach-Dieudonne theorem (see [H, page 154]) gives an onto isometry S : E -*• F such that 5* agrees with 5 on F*.
By going back from the quotient spaces to the original function spaces, we get a linear operator 7 : C(X, F) ->• F , such that 7/(1 <g> F) + S is a bijection and
= S(f(4>(x)) + T(f)
for f e C(tf, F)and* 6 X.
•
We now give an example of a discontinuous linear map 7 satisfying the 'necessary' condition of the above theorem. Another space of vector-valued functions for which our method of proof can be made to work is the space A(K, E) of F.-valued affine continuous functions defined on a compact convex set K, equipped with the supremum norm. When K is a Choquet simplex, it follows from the results of Ruess [Ru] (since the space A{K) has the approximation property) that A(K, E) can be identified with the injective tensor product space A (K) ® e E (we recall here the well known identification of C(X, £ ) as C(X) ® £ £, see [DU, Chapter VIII] ). Since any k € d e K, is a split face, it follows from the results of Ruess and Werner [RW] (see also [R2] (4>(k) )) + T(a) for a e A(K, E) and keK.
As a final application of our methods we consider W*C(X, E*), the space of functions that are continuous when E* has the weak* topology, equipped with the supremum norm. Here again for any onto homeomorphism <p of X, for any onto isometry S of E and for any linear map T : W*C(X, E*) -»• E*, such that S* + T is a bijection on 1 <g» £"\ f o r / e W*C(X, E*) and x € X, is a diameter-preserving linear bijection.
It is well known and easy to see that this space of functions can be isometrically identified with the space of bounded operators Jif(E, C(X)), via the map / -> / A , w h e r e / A : E ->• C(X) is defined b y / A ( e ) = e K of f o r / e W*C(X, E*) and e e E (e A denotes the evaluation functional on £*). When X is the Stone-Cech compactification of a discrete set, this function space can be identified with the indirect sum of copies of E*. For the remainder of this paper we consider £ as a subspace of E** under the canonical embedding. We call an extreme point of the unit ball of £ a weak*-extreme point, if it is an extreme point of the unit ball of E**. In the following proposition we assume that the unit ball of E is the closed convex hull of its weak'-extreme points. It follows from [DU, Theorem 3, Chapter VII] , that if E has the Radon-Nikodym property, then this hypothesis is satisfied. The space £°° and Jf (£ 2 ) are some of the other examples of spaces that satisfy this condition (see [R3] ). It is well known that for any compact Hausdorff space Y, every extreme point of the unit ball of C( Y) is a weak*-extreme point and thus if Y in addition is totally disconnected then the unit ball is the norm closed convex hull of its weak*-extreme points. For any x e X a n d e e E, let 8(x)®e denote the functional (S(jc)®e)(/) =/(;c)(e). Since * is an isolated point and e is an extreme point of the unit ball of the bidual, it follows from [Li, Theorem 3.7] that S(x) ® e is an extreme point of the unit ball of W*C(X, E*)*. Furthermore, for any distinct x, y e I, it can be shown that (<5(JC) -S(y)) <g> e is an extreme point of the two-ball of functionals vanishing on 'constants'. The rest of the arguments needed to reach the desired conclusion are identical to the ones given before.
• After completing our work on this paper we have received from Professor Felix Cabello Sanchez a preprint of his paper 'Diameter preserving linear maps and isometries (II)', where he has obtained by different methods, a description of diameter-preserving linear bijections of A (AT), when K is a Choquet simplex. (2000)205-211. Since this paper was written the question raised in Remark 1 has been settled in the negative and will be the basis of some future work in this area.
